EE565:Mobile Robotics
Lecture 4

Welcome

Dr. =Ing. Ahmad Kamal Nasir



Today’s Objectives

* Recursive State Estimation: Bayes Filter
* Linear Kalman Filter
* Extended Kalman Filter



Bayes Formula

P(x,y)=P(x|y)P(y)=P(y|x)P(x)
P(y|x) P(x) _ likelihood - prior

P(x =
( ‘ ») P(y) evidence
P(x| y) =2V 158/;0 &) _ Py | %) P(x)
1=PO) =

- P(y | x)P(x)



Simple Example of State Estimation

e Suppose a robot obtains measurement z
 Whatis P(open|/z)?

-
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Example

* P(zlopen) = 0.6 P(z|—open) = 0.3
* P(open) = P(—open) = 0.5

P(z | open)P(open)

P(open | z) =
P(z|open) p(open)+ P(z | —open) p(—open)
0.6-0.5 2

P(open | z) = =—=0.67
(Open | 2) = 0 5403.05 3

* Z raises the probability that the door is open.



Bayes Filter

* Prediction
bel(x,) = | p(x, |u,, %) bel(x,.,) dx,.,

 Correction
bel(x,) =1 p(z, | x,)bel (x,)



Kalman Filter

Bayes filter with Gaussians
Developed in the late 1950's
Most relevant Bayes filter variant in practice

Applications range from economics, weather
forecasting, satellite navigation to robotics
and many more.

The Kalman filter “algorithm” is a couple of
matrix multiplications!



Gaussians

p(xX) ~ N(u,o°):

1 _1(x—yp0)

p(x):ﬂae z o

Univariate

X))~ N(wX):

1 Loy =T (x-p)
p(x) = (27r)d/2|2|1/2 e’

Multivariate
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Gaussians
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Properties of Gaussians

X ~N(u,0°
(.07) = Y ~N(au+b,a’c”)
Y=aX+b
X, ~N(u, 0_12) _ _ (722 612
X, NN(,LIZ,G;)}DP(XI) p(X,) N(012+622 :u1+0_12+0_22 Hy s




Multivariate Gaussians

X ~N(u,2)

= Y ~N(Au+B,AxA")
Y=AX +B

X, ~N(,2)
X2 ~ N(:u2922)

2 2 1
= p(X,)- p(X,)~ N 2 +— :
} p(X))- p(X,) £21+22 H S+, H 211_|_221]

* We stay Gaussian as long as we start with Gaussians and
perform only linear transformations.
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Discrete Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference equation

x, =Ax,_,+Bu, +¢&

with a measurement

z, =Cx, +0,



Components of a Kalman Filter

A Matrix (nxn) that describes how the state
*  evolves from ¢ to I without controls or
noise.
B Matrix (nxl) that describes how the control «,
changes the state from ¢ to 1.

C Matrix (kxn) that describes how to map the
‘  state x, to an observation z..

Random variables representing the process
and measurement noise that are assumed to
) be independent and normally distributed
with covariance R, and Q, respectively.
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Kalman Filter Updates in 1D
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H, =d + U,

—2 2 2 2

O, =a,0, +0
L ! r act,t How to get the
( magenta one?

U = A“ut_l + Btut State prediction step

v T
2 =A%, A" +R,
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Kalman Filter Updates in 1D

How to get the blue one?
Kalman correction step

with K, =%.CT(CZ.CT+0,)"
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Bayes Filter: Reminder

* Prediction
bel(x,) = | p(x, |u,, %) bel(x,.,) dx,.,

 Correction
bel(x,) =1 p(z, | x,)bel (x,)



Linear Gaussian Systems:
Initialization

* |nitial belief is normally distributed:

bel(x,) = N(x,; 14,,%, )



Linear Gaussian Systems: Dynamics

* Dynamics are linear function of state and control plus
additive noise:

X, =Ax_ +Bu +¢&

p(xt |ut9‘xz‘—1) — N(xt;Arxt—l +Bu,,R )

A A 4

@(Xt) = jp(x, u,, xt_l) bel(xt—l) dxt—l

U U
~N(X'Ax + Bu R) ~N(xt_1;,ut_1,2t_1)

to 7tV e—1 A A




Linear Gaussian Systems: Dynamics

bel(x,) = | p(x, |u,,x,,) bel(x, ) dx,
U U
~ N(xt;Atxt—l + Btut7Rt) ~ N(xt—l;:ut—lazt—l)
U

- ] B
bel(x,)=n j exp {— > (x,—Ax_ —Bu,) R (x,— Ax,_, — Bu, )}

| _
CXp {_ 5 (xt—l —H,_ )T zt—ll (xt—l —H, )} dxt—l

ﬁt — At:ut—l + Btut

pel(x) = {Et =A%, A" +R

t—t-1



Linear Gaussian Systems:
Observations

* Observations are linear function of state plus additive
noise:

z, =Cx, +0,
p(Zt |xt):N( t’ t t’Qt)
bel(x)= 1 p(z,|x) bel(x,)

U U
~N(z:Cx.0)  ~Nlxim,3)



Linear Gaussian Systems:

Observations
bel(x)= 1 p(z|x) bel(x,)
U U
~N(Zt;Ctxt,Qt) ~N(xt;;t,§z)

U

bel(x,)=n exp{—%(zt —Cx) 07(z, - Ctxt)}exp{—%(xt )T (x, _ﬁt)}

H, = ﬁt +Kt(Zt _Ctﬁt)

- with K, =%,CT(C,Z.CT +0,)"
> =(I-K.C)Z

bel(x,) ={



Kalman Filter Algorithm

1.  Algorithm Kalman_filter( p, ,, 2, , u,, z,):

Prediction:
M, =Ap,_ +Bu,
>, =AY A" +R

t—t-1

I

Correction:

K, thT(C >.CT +Qt)‘

/u /ut +K (Z -C /ut)
t — (1_ tsz)Zf

O 0 N W

Return u, 2,
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Kalman Filter Alg

orithm
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Kalman Filter Algorithm

z(hk+ 1|k = flziklk), wlk+ 1))

2+ 1) R(k+1)

<PH.-+ 1|k} = V. PE|OVET+ VS UL+ )V 1T

-

»  Correcti

L

s - ; g(k+1|k+1) = z(k+ i|a'.-|+ Wik + lyoilk + i-]
2uk+ 1) = z(k+1)-h(z(k+1|k) m;); 2

P+ ||}'.' $ 1)

P+ 1|R)=W(k+1)8k+1 JHI'.'II[.".' +1)

|
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The Prediction-Correction-Cycle
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The Prediction-Correction-Cycle

0S5

L33 -1

s -1

=1, + K (2, ~ 1) &’
bel(x,)z{ e - =
O, _( - Z)O't O, +o—obs,t
KM, = ﬁt +Kz (Zz - Ctﬁt) = T = T -1
bel(x,) = ~ ) gk —3,CT(CE.CT
e(xz) { 2t=(1—KtCt)2t t ‘ t( i’ Qt)
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The Prediction-Correction-Cycle

2 _(1— =2 —~ = 2 2 2
o, =(1—-K,)5; &, +0 ;. =a/o] +o.,,

ut=ﬁt+Kt(Zt_ﬁt) O, E—— LU =a L, +bu
bel(xJ:{ K= bel(x,) =4 L — fn o

M, = ﬁt +Kt(zz _Ctﬁt)

1 _I[_'lt = Atlthfl +Btut
Y, = —-K,C)H

bel(x,) =
( t) { zl‘ = Atzt—lAtT +Rt

K, =%.CT(C,Z.CT+0,)" bel(x,) = {
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Kalman Filter Summary

* Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
O(k?376 + n?)

* Optimal for linear Gaussian systems!

* Most robotics systems are nonlinear!
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Nonlinear Dynamic Systems

* Most realistic robotic problems involve
nonlinear functions

15.02.2016

[

xr = g(ur > xr—l)

Dr. Ahmad Kamal Nasir

z, =h(x,)
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Linearity Assumption Revisited

6 | 6

Py = Niy;an +b,a% %) — =A%
X Mean of piyd g Mean p
5 5

2 2|
1 ' : - 1 .
0 05 1 1.5 0 0.5 1
6| ]

pid = NEx o)
= fdean of px)




Non-linear Function

6 6
Piy) — Function g{x)
— Gaussian of ply) = tdean p
4l x Meanofpiy) 4 O o
2 2
X% zt ©
Non-Guassian E
/ 0
-2 -2
_4 1 1 1 1 _4 .
0 0.204 06 0.8 0 0.5 1
* The non-linear functions lead to non- 6 P
. . . . = Mean p
Gaussian distributions 4
e Kalman filter is not applicable anymore! = X
What can be done to resolve this? 0 4+
] NnE 1
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EKF Linearization: First Order Taylor
Series Expansion

 Prediction:

ag(ut b luz—l) ()C
OX,

g(ut 5 xt_l) ~ g(ut ) /ut—l) + Gt (xz—l o /ut—l)

-1 :uz—l)

glu,x,_ )= gu,, p,_,)+

* Correction:
h(x,)~h(w,)+

h(xt) ~ h(ﬁt)+Ht (‘xt _ﬁz)

Jacobian matrices

oh(g) . _
. (x, — K




Reminder: Jacobian Matrix

* |[tis a non-square matrix in n X m general

 Given a vector-valued function
[ f1(x) |
f(X) — fQ(X)
i fm(X) i
e The Jacobian matrix is defined as
[ Af1 Of1 af1
ory Oxpo °"°° Oxp
Ofo 92 af2
Fy = | Ox1 OJdzp *°° Oxn
Ofm Ofm  Ofm
| Oxp Oxzp "7 Oxp |
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Reminder: Jacobian Matrix

* |tis the orientation of the tangent plane to the
vector-valued function at a given point

12

Lt U AR

* Generalizes the gradient of a scalar valued
function
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EKF Linearization: First Order Taylor
Series Expansion

 Prediction:

ag(ut b luz—l) ()C
OX,

g(ut 5 xt_l) ~ g(ut ) /ut—l) + Gt (xz—l o /ut—l)

-1 :uz—l)

glu,x,_ )= gu,, p,_,)+

* Correction:
h(x,)~h(w,)+

h(xt) ~ h(ﬁt)+Ht (‘xt _ﬁz)

Linear functions

oh(g) . _
. (x, — K




EKF Linearization

6 6
Py — Function g
— Gaussian of p(y) = Taylor approx.
4 | — EFK Gaussian 4+ = Meanp
O o
_ 2
0 T 0
-2 -2
4 -4
0 020406 0.8 0 0.5
& P
= bean p
247
2|
0 =



EKF Linearization (Cont.)

6 6
Py — Function gi=)
— Gaussian of piy) — Taylor appro=,
4 || — EFK Gaussian 4t d= Mean p
O i
2
= ﬂ |
2 2
4 : : 4
0 05 1 1.5 0 0.5 1
20 ¢ o= m:jan L

e

—r

=) =)
-I>




W

O 0 N oW,

EKF Algorithm

Extended_Kalman_filter (p.,, =, ,, u, z,):

Prediction:
17} _g(uﬂ/’lt 1) /_lz:A;um"'Bu
=G, G +R > =A% A" +R

Correction:

K, =X H/ (HZH +0)" —— K,=%C/(CEC +Q)"
ﬂt:ﬁt_I_Kt(Zt_h(ﬁl‘)) lLl lth+K(Z _Clth)

Z; :([—KtHz)it t :(1_ tCt)Zt
Return p, 2 oo Ohm) o 08,4 )
t Gxt t 6xt—l
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Google Car — Tracking using KF
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Landmark-based Localization

EKF localization with landmarks (point features)
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1.

7.

15%2.20162t — Gtzt—thT + VtMtVT

EKF_localization (., =, ,, u, z, m):

Prediction:
Gt — ag(ut 9 lut—l) —
ox, |
Voo og(u,, 1, ;)

! ou B

t

M [(al v |+Oa2 o, |

U, = g(ut ) :uz—l)

ox' ox' ox'

a/ut—l,x a/ut—l,y a/ut—l,@
0y'

a:ut—l,x a/uz—l,y a:ut—lﬁ
00" oo 06

a:ut—l,x a:uz—l,y aﬂt—l,e

ox'  ox'
ov, Ow,
' o
ov, O,
00" 06
o oo

0
(o v, | +a, | o, |)2J

t Dr. Ahmad Kamal Nasir

Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean
Predicted covariance



1. EKF_localization (p,, 2., u, z, m):

Correction:
n m._— U +\m. —u .
3. % = \/( x “fj)2 (y_““y)z_ Predicted measurement mean
atan 2 my _;ut,yamx —H )T Mg
or, or, or,
5 g - o#E.m _ |04, Om, O, | Jacobian of h w.r.t location
f ox, Oop, Op, O,
aﬁt,x alL_lt,y aﬁt,e

ool 2

7. S =H§;Hf +0, Pred. measurement covariance
8. K=XH'S Kalman gain

9. u=4+K/(z,-z) Updated mean

10. %, = (I—Kth )it Updated covariance
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Summary

* Recursive State Estimation: Bayes Filter
* Linear Kalman Filter
* Extended Kalman Filter

— Works well in practice for moderate nonlinearities
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Questions
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